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An NMR-based nanostructure switch for quantum logic
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We propose a nanostructure switch based on nuclear magnetic resonance (NMR) which offers reliable
quantum gate operation, an essential ingredient for building a quantum computer. The nuclear
resonance is controlled by the magic number transitions of a few-electron quantum dot in an external
magnetic field.
PACS number(s): 73.20.Dx, 03.67.Lx, 03.67.-a, 71.10.Li, 33.25.+k
Quantum superposition and entanglement are cur-
rently being exploited to create powerful new compu-
tational algorithms in the growing field of quantum in-
formation processing. A major question for condensed
matter physics is whether a solid-state quantum com-
puter can ever be built. There are at least two basic
requirements which must be met by any candidate de-
signs: First is the ability to perform single quantum bit
(qubit) rotations as well as two-qubit controlled opera-
tions, i.e. quantum gates. Second, the individual qubits
should have a long decoherence time. Of utmost im-
portance, therefore, is the identification of a solid-state
system which can be used to represent the qubits.
Nuclei with spin 1
2
are natural qubits for quantum in-
formation processing as compared to electrons [1], since
they have a far longer decoherence time: indeed they have
been used in bulk liquid NMR experiments to perform
some basic quantum algorithms like those of Deutsch
[2] and Grover [3]. Their exceptionally low decoherence
rates allow implementation of quantum gates by applying
a sequence of radio-frequency pulses. Nuclear spins have
already been employed in some solid-state proposals, for
example that of Kane [4] where a set of donor atoms (like
P) is embedded in pure silicon. Here, the qubit is repre-
sented by the nuclear spin of the donor atom and single
qubit and Controlled-Not (CNOT) operations might then
be achieved between neighbor nuclei by attaching electric
gates on top and between the donor atoms. Another pro-
posal suggests controlling the hyperfine electron-nuclear
interaction via the excitation of the electron gas in quan-
tum Hall systems [5]. Both of these proposals, however,
require the attachment of electrodes or gates to the sam-
ple in order to manipulate the nuclear spin qubit. Such
electrodes are likely to have an invasive effect on the co-
herent evolution of the qubit, thereby destroying quan-
tum information.
In this paper we present a new solid-state based pro-
posal in which a nuclear spin is coupled, not with an
electron gas, but with a reduced number of electrons in
a quantum dot (QD). Our proposal avoids the compli-
cations associated with voltage gates or electron trans-
port by providing an all-optical system. The nuclear
resonance is controlled by exploiting the abrupt ground-
state (so-called ‘magic number’) transitions which arise
in a few-electron QD as a function of external magnetic
field. The proposal was inspired by recent experimental
results which demonstrated the optical detection of an
NMR signal in both single QDs [6] and doped bulk semi-
conductors [7]. The experimental dots were formed by
interface fluctuations in GaAs/GaAlAs quantum wells.
The NMR signal from constituent Ga and As nuclei was
optically detected via excitonic recombination, exploiting
the hyperfine coupling between the electronic and nuclear
systems. Hence the underlying nuclear spins in the QD
can indeed be controlled with optical techniques, via the
electron-nucleus coupling. In addition, the experimental
results of Ashoori et al. [8] and others, have demonstrated
that few electron (i.e. N ≥ 2) dots can be prepared, and
their magic number transitions measured as a function
of magnetic field. The requirements for the present pro-
posal are therefore compatible with current experimental
capabilities.
Consider a silicon-based N−electron QD in which a
13C impurity atom (nuclear spin 1
2
) is placed at the cen-
ter [9]. Ordinary silicon (28Si) has zero nuclear spin,
hence it is possible to construct the QD such that no
nuclear spins are present other than that carried by the
carbon nucleus. Since carbon is an isoelectronic impurity
in silicon, no Coulomb field is generated by this impurity.
Hence the electronic structure of the bare QD is essen-
tially unperturbed by the presence of the carbon atom.
Suppose the quantum dot is quasi two-dimensional (2D)
and contains N = 2 electrons. An external perpendic-
ular magnetic field B is applied. The lateral confining
potential in such quasi-2D QDs is typically parabolic to
a good approximation: the electrons, with effective mass
m∗, are confined to the z = 0 plane with lateral confine-
ment 1
2
m∗ω20r
2. Repulsion between electrons is modelled
by an inverse-square interaction αr−2 which leads to the
same ground-state physics as a bare Coulomb interaction
r−1 [11,12]: moreover, such a non-Coulomb form may
actually be more realistic due to the presence of image
charges [13]. Any many-valley effects due to the band
structure of silicon should be small and will be ignored.
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In the effective mass approximation, the Hamiltonian is:
H = H2e + C
2∑
ν=1
I · Sνδ(rν)− γnBIZ +
2∑
ν=1
γeBSν,Z , (1)
where the electron-nucleus hyperfine interaction strength
is given by C = 8pi
3
γeγnh¯
2|φ(z = 0)|2, with φ(z = 0) the
single-electron wavefunction evaluated at the QD plane,
γe (γn) is the electronic (nuclear) gyromagnetic ratio and
Sν (I) is the electron (nuclear) spin polarization. The
electron location in the QD plane is denoted by the 2D
vector rν . The first term represents the two-electron QD
with a perpendicular B−field, the second is the Fermi
contact hyperfine coupling of the nuclear spin with the
electron spin, and the last two terms give the nuclear and
the electron-spin Zeeman energies. Following Ref. [11],
H2e split up into commuting center-of-mass (CM) mo-
tion and relative motion (rel) contributions, for which
exact eigenvalues and eigenvectors can be obtained ana-
lytically. The total energy is E = ECM + Erel + Espin.
The electron-electron interaction only affects Erel.
The eigenstates of H can be labelled
as |IZ ;N,M ;n,m;S, SZ〉, where N and M (n and m)
are the Landau and angular momentum numbers for the
CM (relative motion) coordinates; S and SZ represent
the total electron spin and its z-component, while IZ
represents the z-component of the carbon nuclear spin.
Consider the two-electron system in its ground state, i.e.
N = M = 0, n = 0; m determines the orbital symmetry
while S = 0, 1 represents the singlet and triplet states
respectively. The overall spin eigenstates have the form
|IZ ;S, SZ〉m. For a given electron ground state orbital,
the spin Hamiltonian matrix elements are:
HS =
C
2
2∑
ν=1
{
δIZ ,−δIZ′ ,+ 〈S
′, S′Z |Sν,− |S, SZ〉 +
δIZ ,+δIZ′ ,− 〈S
′, S′Z |Sν,+ |S, SZ〉+
IZδIZIZ′ 〈S
′, S′Z |Sν,Z |S, SZ〉
}
〈m| δ(rν) |m〉+
HZeeman, (2)
where HZeeman is the Zeeman term. In the presence of
the B−field, the low-lying energy levels all have n = 0
and m < 0. The relative angular momentum m of the
two-electron ground state jumps in value with increas-
ing B (see Refs. [11] and [14]). The particular sequence
of m values depends on the electron spin because of the
overall antisymmetry of the two-electron wavefunction
[14]. For example, only odd values of m arise if the
B−field is sufficiently large for the spin wavefunction to
be symmetric (the spatial wavefunction is then antisym-
metric). These transitions, obtained analytically within
our inverse-square model, yield the same sequence of
transitions as for the Coulomb interaction. The electron-
nucleus coupling depends on the wavefunction value at
the nucleus and hence on m. The jumps in m will there-
fore cause jumps in the amount of hyperfine splitting in
the nuclear spin of the carbon atom.
The nuclear spin−electron spin effective coupling af-
fecting the resonance frequency ω
NMR
of the carbon nu-
cleus is given by 〈m| δ(rν) |m〉 ≡ ∆m,ν , where
∆m,ν =
∫
dR
∫
drΨ∗2e(R, r)δ(rν)Ψ2e(R, r) . (3)
Here Ψ2e(R, r) = ξN,M (R)ζn,m(r) where ξN,M (R)
(ζn,m(r)) is the center-of-mass (relative) wavefunction
[11]. A straightforward calculation gives ∆m,ν ≡ ∆(m)
where
∆(m) =
1
pil221+µm
. (4)
Here l =
√
h¯/m∗ω is the effective magnetic length,
the effective frequency is given by ω =
√
ω2c + 4ω
2
0,
ωc = eB/m
∗ is the cyclotron frequency. The term
µm =
(
m2 +
α/l20
h¯ω0
) 1
2
absorbs the effects of the electron-
electron interaction and l0 =
√
h¯/m∗ω0 is the oscillator
length. Hence, the effective spin Hamiltonian HS (Eq.
(2)) has the form
HS = A(m)
[
(I
+
S
−
+ I
−
S
+
) + 2I
Z
S
Z
]
− γnBIZ + γeBSZ
(5)
where A(m) = 1
2
C∆(m) represents a B−dependent hy-
perfine coupling. We note that the first term of the hy-
perfine interaction in Eq. (5) corresponds to the dynamic
part responsible for nuclear-electron flip-flop spin transi-
tions while the second term describes the static shift of
the electronic and nuclear spin energy levels.
Electrons in the singlet state (S = 0) are uncou-
pled to the nucleus. In this case, the nuclear reso-
nance frequency is given by the undoped-QD NMR signal
ω
NMR,0
= γnB. For electron triplet states, the nuclear
resonance signal corresponds to a transition where the
electron spin is unaffected by a radio-frequency excita-
tion pulse whereas the nuclear spin experiences a flip.
This occurs for the transition between states |−; 1,−1〉
and |Ψ〉 = c1 |+; 1,−1〉+ c2 |−; 1, 0〉. The coefficients c1
and c2 can be obtained analytically by diagonalizing the
Hamiltonian given in Eq. (5) [15]. Hence
hω
NMR
=
3A(m)
2
+
1
2
(γn − γe)B+
1
2
[
[A(m) + (γn + γe)B]
2 + 8A2(m)
] 1
2
. (6)
Since γe >> γn, hωNMR ≈ γnB + 2A(m) which illus-
trates the dependence of the NMR signal on the effective
B−dependent hyperfine interaction.
Figure 1 shows the effective coupling ∆(m) between
the two-electron gas and nucleus as a function of the ratio
2
between the cyclotron frequency and the harmonic oscil-
lator frequency. (The CM is in its ground state). For
silicon, C/l20 = 60MHz. For B-field values where the
electron ground state is a spin singlet (m even) no cou-
pling is present. The strength of the effective coupling de-
creases as the B−field increases due to the larger spatial
extension of the relative wavefunction at higherm values,
i.e. the electron density at the centre of the dot becomes
smaller. The B−field provides a very sensitive control
parameter for controlling the electron-nucleus effective
interaction. In particular, we note the large abrupt vari-
ation of ∆(m) for ωcω0 ≈ 2.1 where the electron ground
state is performing a transition from a spin triplet state
(m = 1) to a spin triplet state (m = 3). This ability to
tune the electron-nucleus coupling underlies the present
proposal for an NMR-based switch.
In the presence of infra-red (IR) radiation incident
on the QD, the CM wavefunction will be altered since
the CM motion absorbs IR radiation. (The relative
motion remains unaffected in accordance with Kohn’s
theorem). This allows an additional method for exter-
nally controlling the nucleus-electron effective coupling,
using optics. By considering the CM transition from
the ground state |N = 0,M = 0〉 to the excited state
|N = 1,M = 1〉, which becomes the strongest transition
in high B−fields, we get the new spin-spin coupling term
given by
∆
CM
(m) =
(
1 + µm
2
)
∆(m) . (7)
Hence the nuclear spin-electron spin coupling is renor-
malized by the factor 1+µm
2
in the presence of
IR radiation. By changing the location of the impurity
atom in the QD, the discontinuity strengths in Fig. 1 will
be modified, since the coupling is affected by the density
of probability of the CM wavefunction at the impurity
site: future work will investigate the effect of placing im-
purities away from the QD center.
Figure 2 shows the relative variation of ω
NMR
with respect to the undoped QD NMR signal, i.e.
∆ω
NMR
=
ωNMR−ωNMR,0
ωNMR,0
(solid line) as a function of
the frequency ratio ωcω0 . The jumps in the carbon
nucleus resonance are abrupt, reaching 25% in the ab-
sence of IR radiation. This allows a rapid tuning on and
off resonance of an incident radio-frequency pulse. The
NMR signal in regions of spin-singlet states remains un-
altered. The B−fields required to perform these jumps
are relatively small (a few Tesla). Moreover, the nuclear
spin is being controlled by radio-frequency pulses which
are externally imposed, thereby offering a significant ad-
vantage over schemes which need to fabricate and con-
trol electrostatic gates near to the qubits, such as Refs.
[4,5]. Illuminating the QD with IR light will shift the
frequencies ω
NMR
(see dotted line in Fig. 2) hence pro-
viding further all-optical control of the nuclear qubit. A
crucial aspect of the present proposal is the capability
to manipulate individual nuclear spins. All-optical NMR
measurements in semiconductor nanostructures [6,7] to-
gether with local optical probe experiments are quickly
approaching such a level of finesse.
The present proposal is not in principle limited to
N = 2 electrons: generalizations [16–18] of the present
angular momentum transitions arise for N > 2. It was
pointed out recently [19] that the spin configurations in
many-electron QDs could be explained in terms of just
two-electron singlet and triplet states. Therefore, the
present results may occur in QDs with N > 2. In ad-
dition, by employing QDs of different sizes, one could
switch a subset of a QD array. Even if the QD array
is irregular, one may still be able to perform the solid-
state equivalent of the bulk/ensemble NMR computing
recently reported in Ref. [20]: this again represents a po-
tential advantage of the present scheme. Further advan-
tages stem from the electrostatically neutral character of
the impurity atom 13C, and from the fact that the silicon
nuclei surrounding it have no nuclear spin: the carbon
nuclear spin state will be very effectively shielded from
the environment and hence can be expected to have an
even longer decoherence time than the (charged) donor
nuclei in Ref. [4], thereby offering reliable quantum gate
implementation.
Conditional quantum dynamics can be performed
based on the selective driving of spin resonances of the
two impurity nuclear qubits I1, I2 (spin
1
2
) in a system of
two coupled QDs, separated by a distance d, each con-
taining two electrons. The QDs do not need to be identi-
cal in size. The orthonormal computation basis of single
qubits {|0〉 , |1〉} is represented by the spin up and down of
the impurity nuclei. The Hamiltonian (1) must be modi-
fied: H2e must include the effects of the intra-dot and
inter-dot correlations between the two-body electron-
electron interaction, and the effects of the electron and
nuclear spins of the second QD must be included. Hence,
we get an additional magic number transition as a func-
tion of B−field which can be used for selective switching
between dots, i.e. since the ground state switches back
and forth between pure and mixed states [21], the reso-
nant frequency for transitions between the states |0〉 , and
|1〉 of one nuclear spin (target qubit) depends on the state
of the other one (control qubit). In this way, such coupled
QDs can be used to generate the conditional CNOT gate
CNOTij(|ϕi〉 |ϕj〉) 7→ |ϕi〉 |ϕi ⊕ ϕj〉 (where ⊕ denotes
addition modulo 2 and the indices i and j refer to the con-
trol bit and the target bit) on the qubits |ϕi〉, and |ϕj〉.
Single qubit rotations, e.g. the Hadamard transformation
HT (|0〉) 7→ 1√
2
(|0〉+ |1〉) , and HT (|1〉) 7→ 1√
2
(|0〉 − |1〉)
can be performed by rotating the single nuclear qubit via
the application of an appropriate B−field. Note that the
presence or absence of an IR photon can also represent
a qubit: hence the present single QD system in an IR
3
cavity can also be used to perform two qubit gates as a
result of the coupling.
In summary, we have proposed a solid-state qubit
scheme which offers long decoherence times and reliable
implementation of quantum gates. The fabrication re-
quirements are compatible with current experimental ca-
pabilities. Being all-optical, rather than transport-based,
the scheme avoids the need for electrical contacts and
gates.
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Figure 1. Variation of the electron spin – nucleus spin effec-
tive coupling ∆(m) as a function of ωc
ω0
; ωc is proportional to
the magnetic field and ω0 represents the QD confining poten-
tial strength (see text). The center-of-mass motion remains
in its ground state. The electron repulsion strength is given
by
α/l2
0
h¯ω0
= 3.0. The two-electron ground state undergoes tran-
sitions in the relative angular momentum m. The sequence,
in terms of |m| and the total electron spin S, is given by
(|m|, S) = {(0, 0), (1, 1), (3, 1), (5, 1), ...}.
Figure 2. Relative variation of the effective nuclear mag-
netic resonance frequency of the carbon impurity nucleus as a
function of ωc
ω0
. The electron repulsion parameter is the same
as in Fig. 1. Solid line corresponds to center-of-mass in the
ground state. Dotted line corresponds to center-of-mass in
the first excited state after absorption of IR light.
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